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It must be noted that, since the function Ur,is odd with respect to the first argument, 
the formulas (2.5) are identical with the result obtained in [Z]. 
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We consider the connection between the K&m& hypotheses concerning “self- 

preservation” (self-similarity) of correlation functions and power laws for the 
variation of the energy and the linear scale of turbulence downs~eam of a grid. 
Laws, based on the K&man hypotheses, are close, in the intervals where measure- 
ments are made, to power laws (they argree with the experimental data at least 
as well as power laws) and they possess certain advantages from the point ofview 
of the theory of homogeneous turbulence of a viscous incompressible fluid, We 
show that solutions, based on the K&m& hypotheses, are compatible with the 

equations for the higher moments, even if we assume for these moments addition- 
al hypotheses similar to the Karmin hypotheses. 

1. A theory for the decay of a homogeneous isotropic turbulent motion of a viscous 
incompressible fluid can proceed from various hypotheses relating to the behavior ofthe 
velocity correlation moments of the second and third order, for example. the K&m&n 
hy~theses [I] 

bdt2 (p, t) = (u (0, t) u (r, r)> = b (1) f (x) (1.1) 
bp (P, t) = (U (cl, t) 02 (P, t), = .b’f% (x) (1.2) 
(b (t) = bdd (0, t) = (u2> = <u2>, x = ri 1 (I)) 

Here r is the distance, t is the time, u is the projection of the velocity pulsation in 
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the r direction and ZJ is that in the direction normal to r. The angle brackets denote 
an averaging operation, 

Based OII the hypotheses (1.1) and (1.2). a derivation was given by Sedov [2, 31, with- 

out making additional hypotheses, of possible laws of variation for the functions 11 (t), 
1 (t), f (X) and h (X1 (two cases were involved: in the first, b - (t - t,)-1 and l_ (t - 
kJIT ‘7 and f and h were related through an equation with constant coefficients; in the 

second case, a complete solution of the problem was obtained). In [4] this solution was 
generalized to the case of nonisotropic turbulence. 

A comparison of the theoretical results obtained using (1.1) and (1.2). which wasgiven 

in [4, 53, shows that this complete solution gives good argreement with the experimental 

data on the decay of turbulent motions of air and water downstream of grids (for Rey- 
nolds numbers not too large). In many of the other papers [6 - 143, on the other hand, 
the experimental data on the variation of the energy 1.5b and the linear scale of tur- 
bulence were approximated by the power laws 

b - (t - to)-TL, 1 - (t - tl)” (1.3) 

not coinciding with the laws of Sedov’s complete solution. Moreover, in [ 151, on the 
basis of power law handling of the experimental data [lo, 111, a conclusion was arrived 
at directly contradicting the results given in [4, 51 concerning the nonapplicabili~ of 

the K&m&t hypothesis (1.2). 
In the present paper we explain this contradiction by showing that the results given 

in [15] exceed the accuracy limits for the comparison of theory with experiment. We 
discuss the power laws (1.3). point out their deficiencies from the point of view of mo- 

defling homogeneous turbulence, and we point out the proximity of these laws, in the 

intervals in which meas~emen~ were made, to the laws of Sedov’s complete solution 

based on the Karman hypotheses. 

2. Theoretical and experimental investigations in the late forties and early fifties 
by Batchelor, Townsend and Stewart, which resulted in a series of papers and books, Yd, 

in particular, to the following results : (1) in some interval of variation of r the K&m&i 
hypotheses (1. l), (1.2) are satisfied (see [6 - S] ), so that one of the cases of Sedov’s so- 
lution must be realized ; (2) the turbulence decay process downstream of a grid can be 
divided into three stages: an initial stage in which the first case of this solution is rea- 

lized with the laws b - (t -to)-‘, 1 - (t - to)0*6 (actually, this is the region in which 

the curve b-l (t) is close to its tangent ( *) ; a transition stage, not described theoreti- 
cally ; and a final stage, in which third order moments can be neglected, with the laws 
.b - (t - to)-hjz , t _ (t - top (essentially, this is the region where the curve b-*.* (t) 

is close to its tangent). 
A criticism of this type oi representation is given in [l, 53, where it was shown that 

the second case of Sedov’s solution (or its generalization to the case of homogeneous 
nonisotropic turbulence). yielding the same laws b (t) and I (t)) with a minimum of as- 
sumptions , gives a complete and compact description of the whole turbulence decay 
process downstream of a grid. However, a criticism of this representation has developed 

l ) In Batchelor’s book [16] the notion of the initial stage is not connected with the 

hypotheses (1.1),(1.2). 
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in another direction, namely, from the experimental work. It was shown that under the 

experimental conditions which Batchelcr and Townsend considered sufficient for reali- 
zation of the final stage the third order moments cannot be neglected, and that the laws 

for energy variation under these conditions may be approximated better by the power 
law expressions b _ (t - tJn, where n < 2 (see p - 111). On the other hand, in des- 
cribing the initial stage the same power law expressions with n > 1 have been employed 

Cl2 - 141. In particular, it was shown that a better description of Batchelor’and Towns- 
end’s experimental data could be had with 1.1 < n < 2 [9 - 121 . Thus, of the original 

concepts of final and initial turbulence decay stages only the names remain. 

3. The power law expressions, adopted in many of the experimental papers, are, of 
course, acceptable as good approximations of the experimental data. At the same time, 

from the point of view of the theory of homogeneous (not necessarily isotropic) turbu- 
lence, these expressions show certain deficiencies which are not present in the laws of 
Sedov’s complete solution [2. 31, these laws being based on the K&m&i hypotheses 
(1.1). (1.2) and being close to the power laws (1.3) in the intervals for which measure- 
ments were taken. Since the expressions (1.3) do not agree for to + t, or m # l/s with 
the complete K&ma/n-Howarth equation, which describes the dynamics of the decay of 
homogeneous isotropic turbulence of a viscous incompressible fluid (or the analog of this 
equation for nonisotropic turbulence), we consider in more detail a particular case ofthe 
expressions (1.3) ised in treating the experimental data [lo, 111 

h - (t - tJn, I - (t - to)“2 (3.1) 

On the basis of an approximation of the experimental data by the expression (3.1) 
and the function f = (1 + x”)-’ . and on the basis also of the expression b;n = (t - 

lo)- “-‘.’ h (x) [IO. 111. which follows from these approximations and from the Karman- 
Howarth equation, the authors of fl5] proposed adding to the hypothesis (1.1) the hypo- 

by (r, t) = b,“,Z (t) I1 (x) 

They concluded that the K&man hypothesis (1.2) was not acceptable (i.e. one cannot 
take 0 z 6, in the relation (3.2)). 

Much of the published experimental data was analyzed and used in [4, 51, including 
that given in [lo. 111. The detailed comparison of the theory with the experimental 
data concerning b (t), h (t) - 1 (1) and f (x) (and, in one case, concerning i, (x)), which 

was presented in [4, 51, confirms the acceptability of the K&m&r hypotheses (1.1) and 
(1.2); therefore, the fundamental conclusion in [ 151 concerning the need for replacing 
the hypothesis (1.2) by the hypothesis (3.2) cannot be regarded as sufficiently reliable. 
This is CoMeCted with the fact that the conclusions made by the authors of [15] exceed 
the limits of accuracy in the comparison of theory with experiment 

In [4, 51 a comparison was made of Sedov’s solution, based on the K&man hypotheses, 
only with those experiments in which the quantity f was measured and only for values 
of the time greater or equal to those for which the hypothesis (1.1) was ex~rimentally 
confirmed. A determination of the parameters b* and h* according to the scheme em- 

ployed in [4, 51 (from the comparison of the theoretical curve h (b) with the correspon- 
ding experimental points) was effected fairly simply and graphically ; however, it does 
not give any better degree of accuracy : the mean square deviation of the experimental 
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points b (t), h (t) (see [lo, 111) from the theoretical ones amounted to about 10%. If we 
take into account the experimental errors (around 10%) connected with finiteness of the 
averaging time, the effect of noise. and the departures from ho;nogeneity and isotropicity, 
we can regard this accuracy in the comparison of theory and experiment as allowable, 

Nevertheless, we made yet another comparison of the theory with the experiments of 
110, 111, the aim being : (1) to increase the accuracy of the correspondence between 

theory and experiment; (2) to increase the time interval in which the theoretical laws 
b (t) and h (t) agree with experiment ; (3) to establish a correspondence between the 

theory and experiments in which the quantity f is not measured. As a universal para- 

meter a for all the experiments of [lo, 111 we used CL = 0 08 [4, 51. The parameters 
b*, A*, t* were chosen from the condition that the quantity z [1 - t (hk) / t,]” (bii and 

d 

-I 

-2 

._ 3 

Fig. 1 
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th-are experimental points, t (b;;) is the cave CL. = 0.08 [4, 51. 
As is evident from both the Fig. 1 and the Table 1, wherein the more precise values 

of the parameters of the theory are used, and where Fig. 1 includes both the experimen- 

tal points and the mean square deviations ~6 and ahof the experimental points b (t) and 
h (t) from the theoretical curves, the experimental data of [lo, 111 show good agreement 

with the solution based on the K6rm&r hypotheses. The deviations of the experimental 

points 6 (t) , for suitable C+ , from the theoretical curve (for one and the same CL = 0.08} 
do not exceed the corresponding deviations from the power law relationships (in which 
the values of n are different: n = 2, 1.73, 1.35). In the last row of the table the maxi- 
mum values of Ut / M are given. Discarding the measured b and h data in the imme- 

diate vicinity of the grid (for Ut / M < (Ut i Jf),nax ) is based on the generally accepted 
idea that it is possible to compare the theory of isotropic turbulence with experimental 

data according to the decay of the turbulence beyond the grid only when Ut I M > ZO- 

30. 
Table 1 

-- 

Type of grid 

- 

- 
A 

940 

2.8 
2.9 

3.56 
37 2 --3. 
15.9 
14.3 
4.5 
- 

1 
17 

- 

- 
B 

470 

2.8 
2.9 
1.78 

-17.9 
20 
$0.9 
8 
9 

2 
25 

C AtB* 

840 

5 
2.9 

3.18 
-11.8 

84.7 
ii.97 
1 
6 

3 
14 

- 

- 
_- 
- 

-19.7 

29.4 
17.1 

3.6 
- 

4 
12** 

VP/T! = 3 

2000 

5 
3.14 
6.4 

-5.9 
33.3 
8.12 
1 
2,5 

3 
4 

- 

1 

- 

irp$’ = 17 

2000 

5 
3.14 
6.4 
1.25 
0.445 
l.57 
2 
3 .8 

6 
*** 

*) The grid A is 3Ocm in front of the grid JI: time is referred to grid A; 
“) The value for grid A is shown; 
“) All measurements taken into account. 

The following notation is employed in the table : Ut is the distance from the grid ; 

M is the grid spacing ; d is the diameter of the grid rods; U is the fIow velocity re- 
lative to the grid, vp is a typical speed of movong grids [ll]; and H, = UM i v. 

In addition we note the following: 

1”. Power law treatment of the experimental data in [ 10, 111, and the similar 
treatment in [ 15], yields the following low precision relationship for the third order 
moments : b, / b = (t - &p-1):3 

Approximation of the same experimental data in [4, 51 and in the present paper gives 
a constant value for the ratio b, / b. There are no direct experimental measurements of 
b 1 l In the experimental data treated in [lo, 111 the exponent (TX - 1) i 3 is small. The 

ratio b1 / b (over a time interval in which the hypothesis (1.1) is confirmable from the 
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experimental data) is found to be within the limits of accuracy for comparing theory 
with experiment from a knowledge of b (t), 1 (t) and f (x), whereas the main conclusion 

in [15] is based on a difference in the laws for 6 and b1 at the expense of a small ex- 
ponent (n - 1) / 3. 

2”. For power laws the case n = 1 corresponds to b := b,. In Sedov’s theory, 
b = b, and no power laws in t + t* are obtained (t* is determined experimentally; 
moreover, t* # - do). It is important to emphasize that in the theory based on the 

equality b = b, (with an approIxiate t*) theoretically correct laws are also obtained l 

with a minimum of assumptions, even for correlation functions. But if the power laws 
(3.1) are used, then, within the scope of the initial assumptions (1.1) and (3.2) made in 
[15] ,correct theoreticalexpressions for the correlation functions do not exist at all. We 
remark that the theoretical curve f (x), used in [4, 51, and the empirical curve of [lo. 
111 are practically coincident. The difference does not exceed 0.015, which is less than 
the error in the measurements associated with finiteness of the averaging time and is 

~_ 
equal to 0,03 1/i + f2. 

3O. The power laws (3.1) for the third order moments lead to the expression 

bP’ (~0, t) = (u (0, t) u2 (r,, 1)) = b;& (xO) - (t - ~-“-0.5 (3.3) 

for an arbitrary constant value xo=ra (t) / 1 (t)fO. Since in the experiments no decrease 

in the region of applicability of the hypothesis (1.1) was observed relative to x with an 
increase in t, it therefore follows that we can regard the quantity x0 in the expression 

(3.3) as being constant, Using the strict inequality 

[b$ra (r, t)]z< <!P (O$), (84 (O$)> 

we find from the relation (3.3) that (~1~) / <v2P + 00 as t - DZ no slower than (t--to)T1-l. 

This result contradicts theoretical notions concerning a Gaussian distribution for pulsa- 
tions of the velocity v and all the available data concerning the fact that (~1~) 1 0~~) s 
3 with an accuracy of around 10% (see DO] and also [ 171, p. 223). 

4. A theory of homogeneous isotropic turbulen.ce can proceed only from the K&man- 
Howarth equation without involving the equations for the higher moments of the corre- 
lation of thepulsationsof the velocity and the pressure. Nevertheless, there can arise the 

questionofsatisfying the equations for the higher order moments. One can assume the 
K&m&r hypotheses for the second and third moments without necessarily assuming these 

same hypotheses for the higher moments (as is also the case for the hypotheses concern- 

ing homogeneity and isotropicity) [2, 3). All the analogs, in fact, of the K&man hypo- 
theses can be applied, after the K~rrn~n-How~th equation, to the equations in the chain 
of equations for the higher moments. 

By way of example, we consider the equation of the dynamics of two-point third order 

moments abmn $,,“n 

' -&i 

at t3rj ar_; 

-+vTy+ Sy.20 
(4.1) 

(rk .-. :r/(’ - xIr; i, j, m, n, k : 1, 2, 3) 
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Here Ui, P and ui’, P’ are the velocity and pressure pulsations at the points with the 
Cartesian coordinates zp and zk’ , respectively, at the time t. The K&m& hypothesis 

(1.2) gives br” frk, t) = b3i2 (t) f:” (x,), x,-r,/l(t) 

Similarly, we suppose that 

T” (‘k, t) = b%-2(pyn (x,), Sr” (rk, t) = b2 l-‘t)yn (xk) (4.2) 

Using the system of equations for b (t) and 1 (t) [Z, 31, which follows from the K&min 
hypotheses (1.1) and (1.2), we find, for the first case of the solution (when b .-(t -t&l), 

an equation with constant coefficients, binding the tensors fimnl vi”“’ and %imTrt and, for 
the second case of the (complete) solution, we find 

1 a (x2h) 
3yax &L, + + hi, $ - h&, 4 

2UPX 

i [ 

5 X2 3 II 7 X2 
h= 4a-1 1F1 1Oa;z; -8 -i1F1 lOa+l; 2i-8 II , 

Here a and p are the parameters of Sedov’s solution [2 - 51, and I~, is the degenerate 

hypergeometric function [ 181. 
Thus, with the aid of the hypotheses (4.2) (which are analogous to the K&mhn hypo- 

theses) we can, in the case of the complete (for the second and third moments) solution, 
based on the K&m& hypotheses, find the tensors Timn and Simn. We note that, following 
this, the fourth moments of the velocity correlation (for example (uiuju,’ u,,‘)) are de- 

termined with complete arbitrariness. We can arrive at a similar result if, instead of 

Eq. (4.1) for the two-point tensor (UiUm un’) , we use the equation (see, for example, 

[17]) for the three-point tensor (uium’ u,“> with corresponding similarity hypotheses. 
The author thanks L. I. Sedov for a useful discussion on the results of this paper. 
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